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TaOHL. OF LDuRPLasia lady SCINTILLaTIONS

2.1 Inteodaction

In tnis chapter ws will derive various tiheorstical relationships
weaeh will enable us to estimete, from the obgerved intensity fluctuations,
the 1P medium «and the structure of the scintillating
sourca. [hes obasrvaed intensicy fluctustions arise becduse ol scattering
ol radio waves in the I medium. The IP wedium, whici is in a plasma state,

na8 a refractive indes n  glven by
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uwiiere I dn wie numver of electrons psr cublic cenvimetre and e and m
are the cuarge and wss of the elactron, The density of the IP plasaa is
not wnifoirn val variss irregul.rly with position and thus the refructive
index oi the uedium also chan zs irregulerly with position, It is these

B

Jluctustlons dn the refructive index ol the medium that seatter radio waves
aad produce intensisy fluctuctions. To derive ain exprsssion relating the
ooserved intensity pattern on the ground to ths refractive indes fluctuations
in Ghie medium woe have to solve the wave equation in the IP medium. This
presents considerable proolems, since for arbitrary functional forms for the
refractive 1nded varlctions cuc wave eyuation can be solved only under very
restricied condibions, &ven if the wave ejuation could ne solved, the
solution would not ve of much use siice the variation in tne refractive

index are so complicated that an exach uescription of it is of little walue,



et is aors useful i3 o stublsbicel descripilon of the fluctuations in

the medium, in tsras of their correliation fumetinns and probanility distri-
outiong. Thus what we rsuirs rrom bthe theory are relationships betwesn
tire correlation functions of the intensity {luctustions on the ground and

wiie

the corvelation ruwictions of thz rafractive index fluctuations in the

nedium. To esclmwte the aubo correlation function {acf) of the inteasity
fluctuations on ths ground we have to estimetz the intensity at two different
points on G grouna, twes toieir product and find the average velus of this
STOUUC G,

The prodlsm 15 of consideranle complaxity and two approaches have
been deveioped based lariely on the actuul physical situation encountered.
In opuical scintiliztions wisre the ovserver is located alniost in the random
aediui, toe direct solubion of the wave equation has been attenpted by
Zaiing various appro<imetions. ~ However in interplenstary and ionospheric
scintillation whers thiz random mediua is fairly localised ahd the observer
13 dlocated 2% s 1arge distance [vom this region, the phase scresn model has
begen devzloped, in uhich tiae random mediun is replaced by a thin screen
wilich lapresces on trhe incident wavefront the same phase fluctuations that
the mediwn would have produced. Once the proparties of the phase screen a re
specilfied, this problem reduces Lo one oi diffraction in fres spacs, which,
a3 will 2e shown, is fairly tractable. The only pronlsm in this approach
is to relats the propertizs of thw screen to the actual properties of the
wedium, ~ For this one iias to 20 back and try to solve the wavs equation in
the random medium. Inspits of bthis, the thin scrcen model is aple to provide

resulls wader a numbver of conditions and wa will be concerned witi this model



in most ol our discussions, However before going into the thin scrsen

moddel, we will, in the next section, give a brief discussion of tue

ditferent approximuiions that nave been used for studying the propagation

ol waves in & randouly inhouwo.eneous mediwa.

In ssction 2.3 we will discuss tie use and validit, of tie th:

1~

screen approximstion in the study of 1Ps. dven withh the thin screen

agpproxim.tion it is not aluays possible to derive simple methonetical

relationsihips vetwzen the propertics on the ground «nd t ose on th2 screen.

Whiie nunerical caiculations are possible

; and heve nzen made, auzlytical
expresvions cuan be derived only il we make suitaole approxim.tions, Three
approxim tions that have besn sade are the deak scattering, Geometrical

optics and the For ©i

@)

approcimetions. The derivation of these approxin. te
resulis have odzen made by difierents workers who have used different methods

to arrive at the final expressions. In section 2,4 we study the thin scrsen

dodel dn detail aad desive wn expression for the gpatial pousr spechrum

of ths intensiy, iIluctuations wiilch is in tha fori of an integral of a

P Lunction witica conbains the correlution functions of tis phase fluctuations
on tiez sercen, e iato,ration cannois, in gensral, ve performed, bub, as

Pue Wil show

in the sgupbszquent ssctions, the ilntegral can be used Lo derive

N o simpls wnd sbradyd forward fasnion tue thiree approximetions mentioned

Bariicr «nd the forimulue used for nunsrical computations. In section 2.9

examine hou thes oossrved intensity fluctuations are affected by

1e bandwidbtil ol thz obgervation 1 dhe rfinite size oi ths scintiliating

urce, In sectzon 2,11 us sez hou the temporal intensity fluctuations are

! f~L,
RV

ed to tiz spatial Iluctustions when ths screen is moving with respect



e

Lo une ovservsr, e cases of a frozsn in pabtern on the screen and of a

patlerm Lhet evolvaes as it drafts, are consiuered and it is shoun that in

thie lattsr case the lifetime of the intensity petiem on the ground is, in
b

ciie glron,, seabbering regimz, auch gmaller than the life-tins of the phase

patiem on the screen. Irhe consepuzinces of this on various observations

are discussed., In e last secltion we sumiarise the various theorstical
results,

In this chapusr we uill not discuss the angular oroadening of radio
sources due to scabttering in an inihomogoensous medium. 4 good discussion of
the proolem can e found in Hatcliflfe (1¢55). & result we will freguently
use is that for smail angles, the angular spectrum that is produced when a
plane wave passes tirough o thin scre.n which imposes random phase fluctuations,
1s jiven by the Fourisr trainsiora of the aubtocor elation function of the
slectric field on tie screen, wibh distence uneasured in units of )\ , the
wavelen,tili. An section 2.4 we will derive an expression for the aef and show
that the correlation length is eyual to a, ths scals size of the phase
fluctustions, 10 tne r.a.s. phase fluctuation, ¢O<K 1 and 2qual to a/ﬁg,

7414 éo)b'l. fhus che uidth of the angular svectrum, wihich is the typical

scatterin, ansle, Bgeuts 15 siven by
\
Bueat . = T/aTA if g, <<1

Bscat = /%/ il 2 ir 4 o7 1

It can be shoun (ietcliife (1955)) that the autocorrelution fimction of the
b electric fisld across tae wavefroat doss not change as the wavefront propagates,

tand 80 tue scale slze of tne eloctric field abt the plane orf ths observer

7
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is siven by
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Wwe will freguently use tiese resulis in the discussions that follow.

2.2 Wave Propugabion in a Handom iledium
Jave propagation in a medium whose refractive index varies irie~
gularly with pogition has been studied in connscition with a number of
different problems liks atmospheric scintillation at optical freguencies,
and ionosprneric and interplanetery scintillations at radio freyuencies.

& consluershle bouy of literuture ex<ists on the sun:ect and good dilscussions
'ican b: foun. in Chemov (195C), latarski (1961), Frisch (1963), Strohbehn
B(1938) and sarcbanenicov ot al. (1971), In this chapter we will briefly
fouch u on verious aspects of the problen and derive some results that are
BOE use in iaterpreting the owvservations,

We considsr nlians monochnromatic elsctromagnetic waves travelling
the positive 3 direction and incident on a region whers the refractive
dex n varies irregularly with position, The ir egular aedium extends
fron + L/ in the 2z dirsction eand +702 in the x and y directions, The
Lrregule r variabion of the refruciive index is such a com:licated function
[ position that the situation can e degerioed only satistically. we

separate the mean and fluctu-ting parts of the refractive index as

-,

(i (}_\) = Al + \\_‘\;
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aind regard }‘{'\') Go e a homogeneous isotronic random variable whose ucé€
() fed .

is Jdefined as
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#hers the angular braciet stands for avsraging over space, which, uith the
asswiption of ergodicity, is eyuivalent to ensemble averugin,. [he proolem
i3 to exprsss the electric field, intensity and their correlition functions
at any plene 2=2Z, which can oe eitiier inside or outside the mediuwm, in terms
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To estimats the clsctric field at any point in the wedium we have to
soive the uuve ejyuation in the aedium, In all our discussions we will assume
tiat the veriation of the reiractive index avoub tlie gean value is small i.c.
H-J L 1 and that the scale size of the irregularitiss is wmuch larger than the
Wavelenygth of the obssrvations, Both thess assunpbions are quite justified
for the IF medium., e will-also assune that ths mean elactron density is
small, so that f o™ 1. Since the scals size N >\ we can describe the
alsctric flield of the waves in the random aedium by the scalar uwave equation

which is
2

’
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axact solucion oi nartial differential ejuations with random coeffi-
i i
cients 1s not possible and 50 one 1o foreced to aake approximstions, Three

=

methods comnonly used are the

&) Geomebtrical optics approzimation
b) Sorn approxim:tion

c) iethod of smooth perturnetion.



“.2a ucomztrical Optics Approxinetion

This is the short wave longth approsimation and is useful when the
wavelength 1s much shorter tiiun the scale size of tie irrejularitizs, as

is hne cass in the IP medium, so thet wave effects like interfersnce and
difiraction can be ngglected. Ifhis approxim.tion has oseen extensivel) used
in ionospueric and interplinetary scintillation and is used in most of the
thin phases screen modals vo relste the propsrbiss of the screen to those

of the wmedium.

dsing the identity

. S
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1 . #
§ in J -
the wuve eguation (2.1) can he writhten as

. > . e / ,"’ ™ 7 o = :) 3
v 'yq b (_) —+ \V Tan m{ \\ -+ h " (\{\, =N (2.2)
If we express &4 in the fom
™ i
F ( N \. - ,/ ~\ L\é b :

and substitute this in eyuation (2.2), we get, by eyuating the real and

imazinery paris,

;
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.
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o R (NawA) = (Y4) + RY =0

( " ‘f‘ (2.3)

o S (2.4)

| (gt
for plene uaves the elzctric field variszs rouhly as £ . S0
)

5] . — b . .o . o R . . L
1V*+§ N RN 18 of ths orter off k. However the amplitude 4, which

.

variss oecause ol the perturvations in the meiium, canno: change appraciably
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in digtances smaller than bhs sculs size of the irregulerities, Therefore

I B -
04 7 3 = T
AV SR R A L
\V’ ‘:vgl /u« o+ ‘\ N\ ¢ ; \: ’,‘} \ '-:* \,\’I.I.....w (2. b)
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is of the order of / a7 . 50 1 the condition \ << (W is satisfled, we

car neglect the first two terms ia eyuation (2.3), which reduces to

(TdY = kv (2.6)

sguation (2.4) and (2.5) fom the basic eqiations of Geometrical

2

optics. - syuation (2.5) can be solved by inteygrating ths phase along the

\ o -~
) givaag

LA

tirajecbory of the may T
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where s denotzs ths arc len;th along the ray and the ray trajsctory is

given by (ss3e Prisch (1968))

1

3 -
3 -

et

N
B

while egnotions (2.6) and (2.7) can be solved for non random wedia
oy usines numerical techniques, thess eguubions can seldom e used for random

medla ocecause of their complexity, what is usually done is to solve equations

2.4) and (2.6) by perturbation techniy .ss.

1 - - ./ . . -~ - -~ .
We expend a and @ as o series in o vhers = 18 a parameter
indiceting the saallness of the pervursation. sz set
u P PR
_ _} i Y ,t 5 3
. & )
t
oo b - { Tt
/ 4]
oo A= oG by, L < h¢
\ . o
AB{
N Iy _ . A
p{yy = N e ey = e M
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Ssubstituting these in equation (2.5) and collectin, bterms of squal powers

of = wa _ev
(v Ry =k
T4 = R ) | #9)

R £ 5 (2.9)
[} \ o 1

sincs ve are considerin, plens uaves propagating in the 2z direction the

unpsriuroed phaso

fb ,t .
1 5)‘ - [ t':\
50 that eyuetion (2.8) becone:
. N ¥
v - R B =
= [ [ = :. .:I‘A { 5 \

N o)y Al ’ .
A,’ [ ,\5 . L.;,fe«_ } b R :,'J' ( e _a ’ P2 } 4 (g.lU)

‘OtV.
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=S

This is the sxpression generzlly used to relute the phase fluctuations
in the thin screen to tie denzity [luctuations in ths wedium, Je have an
extra 2 in toe denoain-tor uhiicn has comr beciuss we have taken f*‘(g “to be
the {luctuating purt of n~ and not of n.

For mont apvlications of ths thin scresen model it is enough if we know
Ghe tvo dimensional acf of ths phase fluctuations across the x~y planz, This
is given by

s s/

oAl N i I
= = JJ\ a2 ) Flsw s )“‘-é-\» 5, 2 §\> dzdz
i /



Changing the veriaol.s ol intsgration to o=
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wielrs Je have used bthe definition of the acf oif

2

the refractive index variations.

and 2 = z", the

oy R . | | |

Sines o LAY 1) woes ho zero when ig much largsr than the correlation
Vg B : s

distance a, w2 can, if [_ON G, replace the liaits of the R integral by

&
&

=~ v / ,
R ON ciror we yeke i3 of the order of Q/[_ whach 13
- H I ’ -t > 1 ] . 1.3 ) ~

negliyible wiien (L3 h. wilbly this, the phase acf necomes

o t . i

i ‘ \ : i =

( fe f N o - ¥

Do) = > - oo 1) Al

. : e s ' { ~ 7 . i
SRR | ) (2.1
A - r Z)

2, but its

assune th.ot the

can reqdily pertform the inbte-

y SN :
y e (W+9)/ 5 < ¢ (2.12)
i !



e puraaestsr £ which 15 Lhe r.u.s. phase fluctuation produced
) P

b tue medium, plays an important role in «ll the .pprogimate soluuions of

tiie wave eguaitdon., For the Guussian act @, is given by

is the r.m.s, eluctron density fluctuaition,

ﬁi is just thz firsc term ol the perbturbation expansion of ﬂ and
it will be a good approsimaction for the phase fluctuations only if the higher

ordzr teras ars neglisibls compared to ¢1' To examin: the condition undsr

which this is Gz, we bave Lo solve egquation (2.5) for @, #Hth ¥, = k2
LY
(v
B S N ) ae
e = N1 ] . i
ol el “
e
an order of magnitude estimete of P, can ne got by puiting iyf%vﬁi ﬁg/&
so that

¢ ; .
: l } A % /('\’QAJ\‘
L ru} H - / - h
. Lo -
S '“/f,?'.’.?*si o LR R

For ths perturbation expansion with only ﬁr and @, to be a sood
i B A i

B dpproximetion, we must have

B - v >,

L, / ey ST >,

P el N s ey 3L fx - \ ,/ [ e

E / ~ AT G P AL e (2.14
! : i / A }:'J‘ - -—j,—m \ o <¢"/-. ! )
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I tie thicknass of tie mediam is so large that the insgquality (2.14) 1is

violatad, we have To ratain ors terms in the parturoation serias.,

Sinilerly, one can wribe doun the perturbution sxpansion for the

W,

amplicude which slves

. i 3 e s \ : J L2
NOT, T Y ey B VY, Y (2.1.)

c

— L ; <7 A A NG o o
\/, o ( \/,_m,‘,/ \V/ ] I -y AV, juv._._u (n.16)

Jith ﬁu = kz ejuation (Z2.1.) becomes

P
=~ i
& ‘% WASl iy Y
< — = ;
ol = ~ Y ~*
i

1

which slious that the amplicude of bhe unpsrtursed radiation is independent

of 2z, wiich is «s it should ve. Sguation (2.16, then reduces to

.

5/.'. Y. h if,
N - o K ‘
giving
L/
i, i/ gR .
A [ - 1, L ,_':_,__.- <~ - k -
ANEAN 7 s - R } / T d, Z

. ' (2.17)

-
/2

Jeing ,?51 as given in e uation (2.10, we can, in principlz, solve

- this eyuation to st 4q. Our nadn interest in Ueometrical optics is to

O

relate tine propertics of ths medium with ths properties of the thin screen

(99}

P and as such our interest i3 not to solve equation (2.17) Ffor A., bub to

1
bknow under what conditions the amplitude iluctuations ure negligible and

‘the phase screen approximation is adsyuate. 4, is the fluctuation of the

=5

1

Oguribiua of the amplitide and “ and Q)’l can be regarded as the real
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| and imaginary part of « complex phase. For amplitude fluctuations to be

P . A
negliyinle 42 must have ifh; /@ << 1. From eguation (2.17) we can get

an oruer oi magnituds estimzte ol A oy setting Y -~ L /3 giving
- 1 /3 ©

) (e}
} A / e —
b P ~

b Thus only when “flan <<t can we replace the sxtended medium by a thin
[ g Dol L N . s
phase scresn. dhen i /”;b’f ~ | amplitude fluctuations develop and if we

Jant to replace the medium oy & thin scresn we would reguire ooth the
17 ot

amplicude and the phase to vary on tihe scraesn,

g

In che situation whers we have a siav of irregular asdium of
thickness L and we are 1ntarested in ths flsld at a large distance 2(%7 L)
from the slav, the first order perbturoation solution of vhe Geomstrical

optlcs eyuavions is of limited use o2cause it neglects diffraction and inter-

L

D ol N . ) . . (e
ference effects which are nowv important. f' LA

§ ,3_,'2‘.) vanishes outside the

|_J
&
~
&
Cf
[o8
Vi
@]

)Q/l (equation (2.10)) is independent of 3z outside ths slab.

|
i

But *PE and &/ ¥, do not vanish ontside the 3la. and so g5 and Ay
continuously increzse with z. Thus for sufficiently larye =z the first
order  ertursation Li<oiy Hraeahs down. Solvin, ior hi_hsr ordsrs terms 1is
messy ani llas seldom nesn attempted. Houever, if tas thickness of the slab
b 15 su:iiclently small so that the iirst order Geometrical optics solution is
fyalid for ths exit plane of the slan, then, since the further propagation

is in frse space, the fleld abt any distance can ve got by studying the
-:dii‘fraction of this perturved wava fronbt. 3Such an approach is not limited
80 snoll distarce from the sla ., ag is the first ordef parturoation solution
- Geomstrical opties, and this 1. the wotivation izhind the thin phase

reen modal Jhich will »s discu.sed later.



2.&0  3orn .pproximation

Je can reyrite e ation (2.1, as an inhomogseneous eqguation of the
2 ‘ £ 1

3

¥ whose Formal solusion can oz written as an integral eyuation of ths form

2 7 Ak ; ! I o ’ ! -
i: ()= F A )+ A f ( ) (—(\") ‘{}"-’

Lt = B ) e PEOEE)N s
"!l“ J ‘i‘,\""\;} !

i
A - = |""
/ [ U U N AN
Nt \'_) ~ K[ \\f\ S
B, is the fisld in the ausence of the perturoring medium and for plane

Waves sropagating dn the 2z diseetion

AP.}

Writing tho differential eguation in tie form of the integral equation (2.18)
floss not solve anything since #(Y), which is the unkno i, appears on

e right hand side also. The Sorn approxim-tion consists of replacing

\\f) inside tha integrul by a;lo("‘? Jo Jdith this, tiz integr.l can be

F—
- b
s i

Waluated und &(7 ) determinsed. Th: condition for the validit, of the

pproxination is that &£(Y ) should not differ auch from mo() i.e.

~ i o R -~ A
. ’ - . :
8 ! ERLM)\ T Caho)

(2.19)
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ahere £ and 7. are the phase ad amplisude change produced by the
medium, thz condition (2.1¢) bzcomes

A1~

ARSI DR (O R
| 2 - <<
]

or

U.

ince the amplitude fluctuations are generally smallsr than the
phase fluctuation, tiwe condition for ths validity ol the sSora approximation
redaces to ﬂd<k 1, uners QO is the r.m.s.- phase [luctuation produced

oy the medium., Thus, s0 long as 42 are in tis w4eak scattering regime

ii 2. 5250-*\ 1 e can use ths dorn approdimation and derive regilts which
have no restrictions on thie birickasss of thi: azdiua and which take into

v

account wave affects lik: interlference and dif'fraction.

2.2c The rlethod of Sucobn Pertursation

(1951), e 4ill hers follo. Strohoeln (1Y53) and give a vriszf descrijtion

oy f i
. . . ) @ B . +'\\f.‘. N . 7
of tie aethod. If e supstitnie t(ﬁ \:; = in the wave ejuation (2.1)

¥
Je ot
-—-—-.:: \ ] m—- / ;J Q
\‘/ \;.//\)_‘_\‘7\,4(\;,/ Y + l:\& (\;\ = 2
\f = fi b oA . T{‘is e logarytiua of th: anplitude and 3 dis the

Moy = e oe MO
and
i b N . a l\: ) ‘}z o \ .
1(\,:‘ = T, Yy + eyt g \ﬁltr_w--

IThis meti:od has ozen dsscrived in considsrasle detail by Tatarskii
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1o equaticn (2.20), we gat, % ejuatuay egal powers of &
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The first eyuation corresponis to tne free space solution and

though non Llinsar, the equation can ve readily solved. The remaining

equations are of the form

P 1

Yooy o S~ Yray ™ L/ . .
Vi TRy SEEVA SE SRRV ‘fJY‘L‘{“;) = - f(_sj) (2.21)

- " Voo

dnere £ ) is imown if one has solved the lowsr order equations. This

equabion can be solved by usins Graen's function if we make the substitution
q v/ (]

' - Y
FoAYY = £ LAt

wiiici converss ey iation (2.21) to

ab
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where u(¥{,?) = B
E-T

direction

In the first order approximuation ths eluctric fisld is

o CREZ o WY

~7
i

i
f

.

The range of ﬁ over which this approximution is valid is a matter

ol some controvers. . (3=e Jarsocansnkov et al. (1971)). For the validity nf

H

this perburbabion sxpansion wa aust have lﬂt\ <K‘l\R k which can be shown to
| .

ol i

be syuivaient to the condition }\P‘i<3,‘ . Tais is just the condition for the
validity oi tue sorn approcimetion and undoer this condition eguation (2.23)
reduces to the sorn approximation. However, this condition may ne boo rigid,
and 1t has osen sho.n tiab ‘#j 15 a s00d approxim«ticn over the larger range
s - - X .

AV = ond (5= D <<
Thus the metnod of smooth psrburvation is adsle to handle larger phase fluctuations
than the sorn approximation but is not valiu when large wmplituue fluctuations
develop. The method in supsrior wo uesometrical optics in that it taies into
account wave effects and bthus gives a vetter description of the amplitude.
The phase, howsvsr, 1s nou s0 sensitiveliy dependent on wave eifects and there

is not much diflfersnce opetwesn ths estimebazs of the phase in two nebtiods.
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4hen the th
finld ot any point in

Houevar, if ons

the Geometrical opbics approxim.tion

important.

1ts range of wvalidity

approLimation, under thcss

deteraines, using uso

medium, and then uses

psrturoed wave front from the asdiua to the owvssrver,

L'rom

is dinterested in tne

biv: medrum to the obgervar i

rekness ol the scattering medium is small, the electric

Jids the wedium can be got using Geomstrical optics.

fizid at e larye distance from the medium

breaks doun vecause wave effzects become

The Dorn appro<imation does tane wave effects into account, obut

is saarl, veing restrichted to ¢O<3: 1. & much betuer

coniitions, 18 thes thin screen aodel in uhich one
wtrical optics, the fisll ensrging {rom the irregular
the fuli wave eyuation to study the propagation of the
Since tha propagation
the solation of the wave

in f'ree space,

gquatlon, as Jill be snoun in the next sectiou, poses no great proovlsm and

useful resulcs can vs
at the round.

In the thin

approximcation, the

screen wiiicl imposss on tius incident waves the zaas

sxtended madian

derived even for large ghass «nd amplitude fluctuations

scraen modzl the irregudar medium is replaced by a thin
thase fluctuations

sould heve pwoduced. In the Geometrical optics

phase Uiaceuation imposad oy the screun is related to the

refracoive index Lfluctuwtions ia the amedium by eyuation (2.10) which gives

Tl ) =
\}I_) ~.\ A 5 \/I ) -

If we assune thut the

tie acl ol tue vhagse

(2.24)

act of tne rafractive index fluctuastions is a Gaussian,

fluctuations on the screen is (equation (2.12))
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Y

A‘ ‘ 5 e i i - N _4, I ;\'+ ME(‘) “ ::1 /
. A0S T JD&L: XD - / (RS T (2.25)

)

fhe conuicion for tie validity ol the Ucometrical optics expirsssion (2.24)

is (section 2,2a)
'- ka® << 1 2.25 a)

o fka” <1 i @S> 1 (2.25 b)
O 0

b

For eyuatica (2.2.) to be valil se aust have the additional condition
L>»a (2.25 ¢)

In this section we will exu.aine the validity o: trese megualities
for tie I[P mediun and see under wiat condiftions the thin scrzen aodel can
be used.

fhe geonstry lor the scattsring in the IP wediua 1s siiown in

figure 1, The angle, = sebwaeen thie 1ins of sight to the source and the
o 3 ~ ) 5]

lins of sight to the Sun 1s called the slongutzon, The par.endicular distance

from the Sun %o wis Llins ol 3i_ut To the source 4ill bz calied (3 and this

is reluted to £ oy

s

p=oine a.U. (2.27)

fthe line of sisitt to the soures comes clossst to tie 3un. Thus, for arny

felongation, the disbince 2z oi the screen from the observer is given by

4

=3 ':C(, - ,A&,,i,‘



TO SCURCE
F
P=5Sin € A U.
SUN L
Z=~ Cos € A U.
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EARTH

Figura 1, Geometry for scattering by the IP medium,
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s IP mediun is vresent sverywhers along the line of sight to
bhie source and the proolsm is to define an eyuivalent tnickness L for
the

gcattering resion, whicn «ill =2nanle us to check validicy of the
scuttering region, which 1Ll snanle to check the validity of the

condibions (2.25). In definin. an ejuivalent thickness for the medium, we

facilitated by @hs fact thet ths scattering power of the I medium

decreases witiy distunce from 5hzs 3un roughly as T 7% so that most of the

scatbering comes from those parts of the Lins of sigint that are closest

to the sun. Ths thickness oi th3 scattering region has been variously defined,
but it we defins it as the distunce alony the line of sight where the contri-
bution o the scattering falls Ho hall 1ts maximum value, then, from the

-4 R L . o
2d Y dependence ol the scattering power, we geot the thickness as

= 1.3 p &.d. (2.28)

t-'l

For most of the owssrvations descrived here p 1is in the range

0.0 to 1 a.U. and since tne scale size of the irreguluritizs is in the

renge 10 to 10U km, tie condition L») a is always well satisfizd., If we

suostitace Lor L froa egu-tion (2.23) into the condition (2.23a) and

express it in practical units, the condition vecomes

>l

\

(\)

I -
i ‘ Y

[N /\ r
< 13 {y\:{n < /, i .
Bl L \ (2.29)

p—
LA :
NPT
LA

For ali the obuaervuations descriised here, >\ = 0.9 metre and p dis in

the ran.s 0.1 to 1 a.td. For P> 0.2) a.JU. the scale size is found to ne

rouginly indepeondent of elongation haviang a constant value of 100 km. If we

Bupstitute for « in equation (2.29) we find thal the ineguality is violated
for T > C.80 a.U. and here tiz t

hin scresn odel is not very good since



I

ampiitude fluctuations develop inside Jhe azdiua and the first order
ugometricul optics approzimation for the phase doss not take this into

account, However, we 41ll sio. that ior our observations ﬁo Z0oss as

ﬁo = (.04 p Lo radian (2.320)

50 that for p D 0435 acd. the scattering is wea. and 50 the Born approxi-
mation can de used Lo et bhs field at the obsesrver., The reoults of the

sorn approxilaation can ve got by renlucing the sxtended medium by a nuaver

of indercndent thin screens ab different distaances from ths observer and
adding ths fields produced by 2ll the scrzens. The weakness of the scattering
ensures3 that mulbtipls scatterin, oi the radiation can oe neglzcted. Thus

the resalts of ths thin

G

crzen nodsl sre of use even for p > 0.3% a.U. since

=

they offer a rslatively simple way of sstimatin, the actaul field produced ]
oy the extended medium. This approach of dividing the e.ctended into a numbar
of screens hus the advenvaye that lntrinsic variations of the prop:urties
of tie medium alony tiae lins of signt can b2 easily incorporatad into the
calcdlation.,

selow C.25 -a.U. the scale size decrsases as tne line of sight

aporoaciies bthe Sun and in this region we ili show {eiaation (¢.32)) that

a =900 p % ka (p< 0.2 i) (2.51)

[

L lnsertin, ejuations (2.50) awd (2.31) in the ineyualities (2.26a,b) thay

| vecons, Jith ,)\ = 0.9 ustre

~1,8

0.035 p . << 1 (2.32a)
0.0014 POt < 1P g 1 (2.320)
AU, ’
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3
S

¢ violubed wien p dis less than 0.10 4.d. and

t ve used to relate the phase fiuctuation on the

tuations in the mediam not only osecause amplitude

also pecause nigh v ordesr teras in the pzrturbation

hich have Lzen nepglected in ejuation (2.24), nou

{irgt dneguality alons were violated we could still

for uire intensity fluctuations om gzround by

aodei described earli:r, but when second

givle since no i, scattaring

ttering effects nave to uve taken into account.

wodsl does give relations oetwssn the dntensity

and the phase [luctuations on the screen even

cannob w8 used in thie interpretution of the IFS
oun at 927 vHz sincz for p< C.1H a.U. we do not

a

elatin, tue propertizs of the aedium to those of

wer order berms the perturbation

~d
A

amplitude in the Geometrical optics approximation

r 327 dHz, we can, using the thin screen or aultiple

velations setween the intensity fluctuation on the

ctuution in the mediua only for p > C.15 a.U.

adsyuate theory for [Po.

+

tment of bie fhin scraen iodel
In this ssction we will develop thie thin scrzen model in detail and
erive relations os3twssn tlie correl.alion functions ol the phase fluctuations
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an the screen and tue spablal poser s,zcbre of the intensity fiuctuations
on tie jround. Je ulll assume bthat a plene monochrom:lic wave of unit
amplitude 1s travelling in the posivive 2z direction and is incident on

4 phase seresii locatsd et 2z = 0. {he geometry is shown an figure (2).

The scresn esbonds fron + 3 in the x and y directions and imposes a
pliase fluctustion @(x,y) on the incident wavaefront. JSince the elictric
field at tiae pluns 2z = 0 13 nos complstely spseifisd, tlhe field at the
ovservers plane ot & distance z, 5(':—:), can og written

AR 0 '51\
: LTS ) (/
P N ST ¢

Mg\fi
e

(2.33)

i
~
g
e
i
o d oo
i
‘r_\

is any point on the

j4 W

dhsre - is an; point on i ouserver's plans,

YR . : 7 et . Qs
screen, DA ~ly ) is an element of arca arownd & and ¥ is the physical
= ) N =
distance of o & e )iv'o a ¢, . Both % and & are 2 dimzasionul vectors

. . 4 i 5 A\ - N
in the g~y plune and the distancs Y dis given by

b= \j ?Ez + ]

/

P
)

7

G Y i
since tine exact solution ol eyuation (2.53) is not possinle ue

wili expund ¥ a8 4 binomiol s2vles ol the fomrm

!:'J-:’ ] 1:"_;:‘- )
P= 2+ 1777 - — LT (2.34)
ks B
o # z°

band retain only tire first Swe terns. This approximation is valid only for
!

Bl -
g~ / , - o : . s’
IZ SR ARG E anu since, in tie integral, .e ure going to 1lat < range

N

ftrom + 0, we must examiie the validity of this approximation in more

BBteil., 2 will show Sthabt 1 the lrrejular.¢i.s are large, so that the angle
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ol scattering is sufiiciently small, then most of the contribution to the

integral 1n syuation (2.35) comes from a small part of ths screen located

= N A

B ¢ . e -2 -,
around v =% and i 1T ol LG
~

18 oure moking 13 reasonaibly good.
7 O

is a cone with vertex at s axis in thi

10

angls egial to fne aagle of scubtsering, Bgeats

ey
arsa calnct raucn N

S
I =) i\
I Y [
o 4 '
!’:‘ [
HaNg 5

]
b 20 , o
IS LA R

——y
ke

1/
- R

i

?Z °/ ka

in eguation (2.30) is the producs of &

“A

L tre oinomial-expansion for

ovar this region, the avproximation

In the roy picturs tus elsctric field at the poind % is affected
only by that porition of the scresn thus is within the scatiering cone which

z direction and semi vertical

fhe rays from outside this

siace thz scatiering angle

),

is not larye enough.

{2.3ua)

(2.55b)

thit is of importance

(2.33a

| (2.360)

This res.ult can be derived dirsctly Lrom ejuation (2.33). The integrand

',?4 50

/



30

{ =
, - . h =& ! "\
t AR (R ( Z 4+ ' T4 )
- . ——— T
< - = W =
i { 0 ad -~ 14 -
{ % > } - )
« k& AR R <=
) 7 k 4 S IV N
= ke g
7 t’- <
4@ see bhat 22haves as o quusi sinusoidal escillation whose freyuency

/
T < I - ~ - s g - . . ;:

varies witil 1" -2 1. The friquenc; of osciliation i3 zero for % =
' Sl i C s

¢ and
: . : : [ > . ol - .
it increuses Llinsarly uiti { % - & , for gsmall vailuss of ! S T { . Regions

g
. . pd - .- . ' -
of tne sergen at large values oi i o Tt ! @iil not contrioute appreciaoly

to th: dategral osocauss the frejusicy ol the oscillation hars will be Lirge

(PE)
and there will o2 aaeny oscill.tions oefore e - changss appreciably

wilcli causes the integrund to average out to zero. The integral is affected

by only those parts of ths

w
Q

reen wiere the rate of change ol the seometrical
O (=]

N LN , _ L P
hase with raspect te  » is saall comparsd to the rats of chanse of @ -
; t P

f
‘ fo _ g | . :
te ol tne naxiaun valus of / ~ Gt of dmportance can ba got by

tee two ruabtes eyual ulidch givas the sguatioa

5, ( ‘ Tl — (2.37)

I; : . OO, N R
ag « measurss of thie rate of variation 5L <« ~7, u4e take the
2

reciprocal of 1, the width orf the autocorrelution function of the

Eluctuations of tune elsctric fi:ld on the scrsen, which is

L= QEE)- D (RGEAD - E)D

il

= {E(EYE(E+1Y» — EET
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Lo ootain ths cnssable averages ws huave to knos the probaoility distribution
for tue phnuse fluctuation ut any point on the screen. Je will assumes that
the oroonaollit, distrioubion is a Gauassian, wilch is not an unreasonable
assumption to maiie sincs tusz phase ut any point on the screen is the sum

or' & large numosr of small phase fluctuations produced by the madium along
the linc of sight, and whatever ba tis prooanility distriovution of the
elementary fluctuabions, by the Central Lumit Theorea, the prooasility

listribution of the suau tends to oe a Gaus.ian. Lor a Gaussian distribution,

the avaragirn, in the aoove ejyuation can be performad by using a theorem by
Mercier (1952) which states thet i &, , &, .., ™y are ¥V complex
quantitiss whose 2n real and imuginary parbts nave « Gaussian distribution,

4 ' d
Tiad1l

-t ! . ] . N fht -, S -‘}
<x" '\‘D = “+ T .\ ~& b{r: }> = {J‘\P L—z < k()(‘+,>\/'é,,.. ca{nhl\§>1 (2,38)

i1y this rssult and bhis definition or the aatocorrelation function of the

st
L | rK F{ )
o L _ (2.39)

fhe ridto of iL gﬁ‘) clourl, depends on thw valusz of @.. If ﬂo<éi 1



width o1 A i3 ol i

I WIS OIdSr ol a, the scule size of the phase
o
irregularitisg, for Vé ==

x5 7 o o *\
L —E (- i)
‘f’ (‘ / /‘\‘:I .p - .
P — -

; .
& - . - ]
J2cauue of the ﬁo 12 the exponentidl, +¢ will fall to very saall

B o il 3 :.’l W A r 5 T ’
val.ss even for a small decrevse of Fe'}ixom 1 and so for this range of ¥
J2 Can expand ’\(f) a8 a Lu; lor seriss and Tetain only the first tuo teras,
M @fone o ive of [TWia o
s Lirst derivative of Y13 zero,

£ I i/{‘e -

v . P
wheis we have assamed thub | ()

{ 4 18 circuluarly symuaetrical. de thus sse
bhat tais appioximotion _j; peliaves a8 a Gaussian and lLus a width equal to
8

> T — ok
»._39 "'P oy .

: b
£l = 2 ha 4 <
- - (140N ) ~ i &

/j 7 f{“‘ ~
- Z f‘/tz‘s‘; 4 % 7 (2.40)

Rbich is identicil to tpe linit derived from Geousbric,l optics.
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. L b . N
-HUS sines we ure not affected oy values of |& - 41 lurger than

i
-

sivea in s jaation (2.40), wis error e make in rebaining oaly bhe [irgt

G20 beras in ths seriss sxpunsion (2.34) for P ig roughly eyual to the
I )

A

g S 4 . a _2 o Q "\-’:T!-,A,}\
value of the third ters at & -3 ice agual to "z T T «end 30
= (hG A G oo

long as this is auch less 5nun a dqavalen th our approxim.tion is good.

u i
Inssrting the valus 1 e , Ghe condition for thi validity of the
approLiaction is
- A * o
= // o N LS 4

:D//‘ ”‘\

aven if we tule the worst possivle paranatsrs for the 1P acdium aad put
% £z

S |
7 !

L &
i . . ‘ = , 4 )
o5 0 mstres, 2z = 1 ..d., a = 10 km we get L'A//leh a ™~ {0  hich

shows Shut tis approgimction is velid for any fraquency, for any region

5
Y

of the IP medium provided ﬁo 1s not too largs. For A = 10 1, a = 10 ka,

ﬁé should be leus than 7Y 10 but for more roulistic valuss »~f the parametars

biie approximetion is valid for much lurger valuss of .
E g o

. . v . o
It e put the axounsion of ¥ in ejuation (2.52) we get

-
; 1 3 ‘ N
H , b & f; o s 2 2l
frsh. koL oA TR cPle)
L\; /= Ty - : = "'E. ’J 5’
VAT J - (2.41)
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